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-An anomaly i n  t h e  volt-ampere c h a r a c t e r i s t i c  of t h e  c y l i n d r i c a l  
Langmuir probe c a r r i e d  aboard t h e  Explorer  X V I I  Sa t e l l i t e  has  been 
observed. This  phenomena can be  explained as an end e f f e c t  which 
becomes important  as t h e  angle  ( 8 )  between t h e  a x i s  of t h e  probe 
and t h e  v e l o c i t y  vec to r  of t h e  sa te l l i t e  becomes s m a l l .  An 
a n a l y t i c a l  express ion  f o r  t h i s  end c u r r e n t  as a func t ion  of 0 
i s  der ived.  This  e f f e c t  may be  u t i l i z e d  t o  experimental ly  o b t a i n  
informat ion  on t h e  i o n  temperature and i t s  m a s s  d i s t r i b u t i o n  as w e l l  
as t h e  dimension of t h e  shea th  about t h e  probe. It is  a l s o  suggested 
t h a t  t h i s  e f f e c t  might be  u t i l i z e d  t o  accu ra t e ly  d e t e c t  t h e  v e l o c i t y  
v e c t o r  of t h e  sa te l l i t e .  
INTRODUCTION 
Brace' has  noted an anomaly i n  the  i o n  cu r ren t  response of t h e  
This  con- c y l i n d r i c a l  Langmuir probe c a r r i e d  aboard Explorer  X V I I .  
sists of a r e l a t i v e l y  narrow peak wi th  an amplitude which may be 
more than  t w i c e  t h e  normal response ( see  Fig.  1). This  phenomenon 
appeared t o  occur only when t h e  ax i s  of t h e  probe i s  o r i en ted  near  
t h e  v e l o c i t y  vec to r  of t h e  satell i te.  
This  c u r r e n t  anomaly r e su l t s  from the  f i n i t e  length  of t h e  
d e t e c t o r ,  ( i . e .  an end e f f e c t ) .  When cons ider ing  an  i n f i n i t e  probe 
whose a x i s  i s  o r i e n t e d  para l le l  t o  t h e  v e l o c i t y  v e c t o r  of t h e  s a t e l l i t e  
(F ig .  2 wi th  0 = O), one ob ta ins  a cu r ren t  equiva len t  t o  t h a t  of a 
probe a t  rest. The open end of a probe of f i n i t e  l eng th ,  however, 
r e p r e s e n t s  a ho le  i n  t h e  d i k e  which g ives  rise t o  a cu r ren t  c o n t r i -  
b u t i o n  which i s  r e l a t e d  t o  t h e  s a t e l l i t e  v e l o c i t y .  
i l l u s t r a t i o n ,  l e t  us  cons ider  t h e  case  of a coo l  plasma. The cu r ren t  
through t h e  s i d e s  of a c y l i n d r i c a l  probe, whose r a d i u s  is  s m a l l  compared 
A s  an extreme 
t o  t h a t  of t h e  
it - 
where r is t h e  
i o n  d e n s i t y ;  e 
shea th ,  i s  given by Mott-Smith and Langmuir2 as 
probe r a d i u s ;  R 
is  t h e  e l e c t r o n i c  charge; k is  t h e  Boltzmann cons t an t ;  
i s  t h e  probe l eng th ;  n i  is  t h e  ambient 
P 
~ 
T is t h e  temperature;  mi is  t h e  ion m a s s  and @ is  t h e  nondimensional 
1 I probe  p o t e n t i a l  given by 










end of t h e  shea th  i s  g iven  by 
is t h e  probe t o  plasma p o t e n t i a l .  The cu r ren t  through t h e  
9 (3)  
2 ie = 2 1 ~ a  niu 
where a is t h e  shea th  r ad ius  and u is  t h e  s a t e l l i t e  ve loc i ty .  
clear t h a t  by s u i t a b l e  choice  of the  parameters  ie may be made 
a r b i t r a r i l y  l a r g e  as compared t o  it; i n  p a r t i c u l a r ,  i f  t h e  temperature  
is n o t  t oo  l a r g e ,  r can b e  made a r b i t r a r i l y  s m a l l  wi thout  a f f e c t i n g  
ie. The latter is  a "mechanical property" of t h e  system a n d , . a s  w e  s h a l l  
see, g ives  r ise t o  some i n t e r e s t i n g  behavior .  
This  paper concerns i t s e l f  with t h i s  anomalous end cu r ren t  and 
It i s  




We begin  by examining t h e  case where t h e  plasma is  cold ( i . e . ,  
W e  choose a set  of c y l i n d r i c a l  coord ina tes  ( r , < , z )  T i  = Te = 0). 
such t h a t  t h e  z a x i s  l i e s  along the  axis of t h e  probe and wi th  t h e  
o r i g i n  co inc id ing  wi th  t h e  t i p  of t he  probe. 
i o n s  i n c i d e n t  on t h e  p l ane  (z = 0) w i t h i n  t h e  r a d i u s  (r  = a)  
exper ience  t h e  same change i n  p o t e n t i a l  i n  t h e  (r,.g.) p lane  as i f  they 
were acc re t ed  through t h e  s i d e  of t h e  shea th .  (This  po in t  w i l l  be  
d iscussed  i n  d e t a i l  i n  t h e  following sec t ion . )  I n  t h e  case of an e a r t h  
s a t e l l i t e  t h e  v e h i c l e  v e l o c i t y  u is, i n  gene ra l ,  l a r g e  compared wi th  
t h e  i o n  v e l o c i t i e s  and s m a l l  as compared wi th  t h a t  of t h e  e l e c t r o n s .  
W e  assume t h a t  t h e  probe p o t e n t i a l  is  nega t ive  and l a r g e  enough s o  t h a t  
e l e c t r o n  c u r r e n t s  can be  neglected.  I n  t h i s  frame of re ference ,  w e  
have i n c i d e n t  on t h e  shea th  of our probe, an  omnidi rec t iona l  beam of 
monoenergetic i ons .  L e t  us  restrict our  a t t e n t i o n  t o  t h e i r  motion i n  
t h e  (r,.g.) plane.  I f  t h e  r a d i a l  d i s t r i b u t i o n  of p o t e n t i a l  may be repre-  
W e  w i l l  assume t h a t  a l l  
s e n t e d  as a power l a w  
Y 0 = Krmm 
where m is  less than  
t h e  a x i s  ( r  = 0) i s  I 
two then  
etennine '  
( 4 )  
t h e  c l o s e s t  appraoch of any given i o n  t o  
by i t s  angular  momentum. From t h e  
conse rva t ion  of angular  momentum L,  w e  may write 
L = r2: = cons tan t  Y 
b 
I 
where t h e  dot  r e f e r s  t o  t h e  t i m e  de r iva t ive .  
The conserva t ion  of energy leads  t o  
mi(;2 + r2i2 + i 2 )  = % mi(;12 + r12C12 + k 1 2 )  - $ , ( 6 )  
where t h e  s u b s c r i p t  r e f e r s  t o  poin ts  beyond t h e  p lane  ( z  = 0). The 
v e l o c i t y  components may be  w r i t t e n  as 
r = u s i n  0 cos 5 
rr, = u s i n  0 s i n  5 
z = u c o s 0  . 
Our assumption regard ing  t h e  p o t e n t i a l  permi ts  us t o  w r i t e  
z = z1 ¶ 
hence,  w e  need only cons ider  t h e  two dimensional problem i f  w e  
f u r t h e r  assume t h e  probe i s  s u f f i c i e n t l y  long t o  guarentee  c o l l e c t i o n .  
Combining equat ions  (5), ( 6 )  and ( 7 ) ,  we o b t a i n  
The r a d i u s  of c l o s e s t  approach i s  obta ined  by s e t t i n g  r1  = 0, hence, 
rc = l~I(p2 s i n 2 @  + - 2 9 - %  
mi 
This  c l e a r l y  demonstrates  t h e  one t o  one dependence of t h e  r ad ius  of 
c l o s e s t  approach and t h e  angular  momentum. 
The cond i t ion  f o r  c o l l e c t i o n  by t h e  probe, assuming no r e f l e c t a n c e ,  
i s  
r c  L 'p 9 
I . 7 
where r i s  t h e  probe r ad ius .  
angular  momemtum i s  
The equ iva len t  cond i t ion  i n  terms of the  P 
t h e r e f o r e ,  s u b s t i t u t i n g  (7b) i n t o  (12) w e  o b t a i n  a l i m i t i n g  r e l a t i o n  
between r and 5 such t h a t  
where 
For s u f f i c i e n t l y  s m a l l  va lues  of 5 ,  p a r t i c l e s  a t  a l l  r a d i i  from zero  
t o  a ( t h e  shea th  r a d i u s ) ,  w i l l  be  c o l l e c t e d .  
r,,, however, beyond which p a r t i c l e s  begin  t o  be  l o s t .  
g iven  by 
There e x i s t s  an  angle  
This  angle  i s  
The t o t a l  c u r r e n t  t o  t h e  probe, through t h e  end of t h e  shea th  i s ,  
t h e r e f o r e ,  (16) 
The f i r s t  term i s  merely t h e  phys ica l  area of t h e  probe. The second 
term inc ludes  t h e  r eg ion  where the c r i t i ca l  r ad ius  i s  g r e a t e r  than  the  
s h e a t h  dimensions. The f i n a l  term takes  i n t o  account t h e  reg ion  of 
d iminish ing  area and inc ludes  an  upper l i m i t  on the  angle ,  C 1  
where 
8 
which is  def ined  as t h e  
s i n  5, = (1 + 
p o i n t  a t  which rk  = r That i s  
P '  
0 )% 
U s in20  Y 
It i s  ev iden t  t h a t  equat ion  ( 1 7 )  i s  never s a t i s f i e d  except as a 
l i m i t i n g  cond i t ion ,  hence,  w e  may rep lace  
i n t e g r a t i o n ,  w e  o b t a i n  
wi th  n / 2  i n  (16).  Af t e r  
1 The v a r i a t i o n  of t h e  normalized form f a c t o r  [ - (2co + s i n  2 c 0 ) ]  = G 
wi th  eo i s  shown i n  Fig.  3.  
ang le  5 a t  which G = 0.5. The dependence of t h i s  func t ion  on t h e  
c o n t r o l l i n g  parameters may be  seen i n  Fig.  4 and 5. 
f o r  t y p i c a l  sa te l l i t e  condi t ions  ( i . e . ,  t h e  Explorer  X V I I  e l e c t r o s t a t i c  
probe) - = 0.028 and $/U = 0.5,  the h a l f  width is less than  3'. It is  
a l s o  of some i n t e r e s t  t o  no te  t h a t  t h e  width varies nea r ly  l i n e a r l y  wi th  
probe t o  shea th  r a d i i  r a t i o  i n  t h i s  regime. 
TI 
We def ine  a h a l f  width i n  terms of t h e  
You w i l l  no t e  t h a t  
rP 
a 
While t h e  "cold plasma" case  is  very i n t e r e s t i n g ,  i t  has  v i r t u a l l y  
no a p p l i c a t i o n  i n  t h e  ionosphere.  The cond i t ion  of a p p l i c a b i l i t y  can 
be  de f ined  as 
where oh i s  t h e  h a l f  width.  
t h e  same o rde r  of magnitude s o  t h a t  w e  must i nc lude  the  e f f e c t s  of p l a sma  
tempera ture  i n  our  a n a l y s i s .  
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SHEATH CONSIDERATIONS 
Before proceeding f u r t h e r  i t  seems appropr i a t e  t o  cons ider  some 
p r o p e r t i e s  of t h e  s h e a t h  as they r e l a t e  t o  t h i s  problem. 
v ious ly  i n d i c a t e d ,  t h e  f a c t o r  which l i m i t s  t h e  c o l l e c t i o n  of i ons  
i n c i d e n t  on t h e  shea th  i s  conservat ion of angular  momemtum. 
cons ider  motion i n  t h e  r-5 p lane ,  t h i s  r e q u i r e s  
A s  w a s  pre- 
I f  w e  
L~ m 
2 2  ’ C r  
E. = - 
where EG i s  t h e  component of t h e  k i n e t i c  energy i n  t h e  5 d i r e c t i o n .  
Thus, t h e  r o t a t i o n a l  energy inc reases  i n v e r s e l y  as t h e  square  of t h s  
r a d i u s  and t h i s  must be  supp l i ed  from t h e  change i n  p o t e n t i a l  energy 
o r ,  i f  t h i s  is i n s u f f i c i e n t ,  by a decrease i n  t h e  r a d i a l  component of 
energy. With t h e  l a t te r  cond i t ion ,  a p a r t i c l e  even tua l ly  reaches a p o i n t  
a t  which t h e  r a d i a l  v e l o c i t y  vanishes  and i t  is  r e f l e c t e d .  
It i s  ev iden t  t h a t  r e f l e c t i o n  can no t  occur  i n  any reg ion  where 
t h e  p o t e n t i a l  change wi th  r a d i u s  i s  f a s t e r  than  
K o=z 
and where 
K2 - > L2 
I f  these cond i t ions  are s a t i s f i e d  between r a d i i  r l  and r2 ( r 2  g r e a t e r  
t h a n  r l ) ,  t hen  any a c c e l e r a t e d  p a r t i c l e  i n c i d e n t  on r2 must eventua l ly  
pass t o  s u r f a c e  r l .  If r l  is  c o i n c i d e n t a l  w i th  t h e  s u r f a c e  of t h e  probe,  
t hen  t h e  e f f e c t i v e  diameter  of t h e  probe becomes r2. It must, however, 
be  emphasized t h a t  t h e  cond i t ion  f o r  r e f l e c t i o n  i s  completely s p e c i f i e d  
by Eq. (6) and a d e t a i l e d  knowledge of t h e  p o t e n t i a l  d i s t r i b u t i o n  
13 
between the sheath and the point of interest is not necessary. 
we need only know the potential at the point of interest relative to 
that at the boundary. There are some restrictions on the potential 
distribution, however, for our present purposes a sufficient condition 
to validate these conclusions is that the potential be a rnonotomic 
function. 
Rather, 
The potential for the unshielded probe falls off as log r in the 
1 
r case of cylinder and is - for a sphere. The effect of shielding is to 
cause the potential to change more rapidly and to converge to zero 
within the finite distance from the probe. 
We would like to estimate the conditions under which "pericritical 
orbits"* are of importance. 
as a simple power law of the form 
We assume that the potential may be written 
I$ = Kr-m 
where K and m are constants. The gradient of the field is  therefore 
Applying Gausses theorem 
S V 
This terminology was introduced by t)pik4 to distinguish those particle 
orbits which, because of the nature of the field and the relative energy 




w e  o b t a i n  a f t e r  s u b s t i t u t i o n  of (23) f o r  (El and i n t e g r a t i n g  
Q 211mKrm = - 
e0 
Y 
where Q is  t h e  charge pe r  u n i t  l ength  contained w i t h i n  t h e  s u r f a c e  
given by r ad ius  r. S u b s t i t u t i n g  (22) i n t o  (25) and so lv ing  f o r  m y  w e  
o b t a i n  
From (24) i t  i s  ev iden t  t h a t  t h e  d i s t r i b u t i o n  of charge w i t h i n  t h e  
volume is  unimportant s o  t h a t  w e  can t a k e  t h e  charge t o  be uniformly 
d i s t r i b u t e d  over t h e  s u r f a c e  r.  This sugges ts  a c a p a c i t o r  of concen t r i c  
c y l i n d e r s  whose capac i ty  p e r  u n i t  l ength  i s  of t h e  form 
where r1 and r2 are t h e  d iameters  of t h e  cy l inde r s  and r l  < r2. 
Q S u b s t i t u t i n g  (27) i n t o  (26) no t ing  C = - Q 
The analogy of t h e  shea th  i n  t e r m s  of a c y l i n d r i c a l  capac i to r  i s  
obvious ly  incomplete s i n c e  t h e  charge o u t s i d e  r l  is  no t  uniformly 
d i s t r i b u t e d  on r2 ; however, w e  take r2 t o  be  r e l a t e d  t o  t h e  e f f e c t i v e  
s h e a t h  r a d i u s  a ,  a n t i c i p a t i n g  t h a t  (a > r2).  
W e  f i n d  t h a t  t h i s  approach p r e d i c t s  a " p e r i c r i t i c a l "  p o t e n t i a l  
I r l  
r2  
f i e l d  (m > 2) only f o r  l a r g e  values  of t h e  r a t i o  (-) s p e c i f i c a l l y  
r > 0.66 r2 
1 -  
. 
15 
Thus t h e  p o t e n t i a l  d i s t r i b u t i o n  about a s m a l l  probe ( r  < < a )  never 
s a t i s f i e s  t h e  pe r i c r i t i ca l  condi t ion  except  near  t h e  shea th  edge. 
P 
Therefore ,  w e  need no t  consider  t h i s  problem i n  t h e  p re sen t  
a n a l y s i s ,  however, t h e  apparent  tendency t o  form a p e r i c r i t i c a l  s h e l l  
near  t h e  shea th  "boundary" s u p p l i e s  a phys ica l  b a s i s  f o r  t h e  concept 
of a f i n i t e  shea th  edge as app l i ed  t o  c o l l e c t o r s .  
S ince  t h e  charges of i n t e r e s t  i n  t h e  p re sen t  contex t  e n t e r  t h e  
s h e a t h  through t h e  open "end", w e  need t o  know something about t h e  
p o t e n t i a l  d i s t r i b u t i o n  i n  t h i s  area. We restrict  our  cons ide ra t ion  t o  
probes wi th  r a d i a l  dimensions s m a l l  compared wi th  those  of t h e  shea th .  
Hence, t h e  exac t  shape of t h e  e l e c t r o d e  t i p  i s  unimportant.  Ca lcu la t ion  
of t h e  appropr i a t e  d i s t r i b u t i o n  i s  a complex problem involv ing  s o l u t i o n  
of Poisson ' s  equat ion  by numerical  techniques.  
t r e a t e d  by a number of i n v e s t i g a t o r s 5  s6 9 
Probably t h e  most gene ra l  approach is  t h a t  of Walker8 where t h e  main 
assumption which l i m i t s  t h e  a p p l i c a b i l i t y  of h i s  work is t h a t  a l l  charges are 
r e f l e c t e d  a t  t h e  s u r f a c e  of t h e  c o l l e c t o r .  This  i n t roduces  e r r o r s ,  
p r i m a r i l y  a t  t h e  shea th  e d g e ,  b u t  t h e s e  are n o t  important  except  f o r  l a r g e  
bod ies .  The vast ma jo r i ty  of t h e  charge carriers which e n t e r  t h e  shea th  
of a s m a l l  c o l l e c t o r  of t h e  type  which w e  are p r e s e n t l y  cons ider ing  are 
r e f l e c t e d  by t h e  angular  momenta cons ide ra t ions  p rev ious ly  d iscussed  and, 
i n  g e n e r a l ,  only a very  s m a l l  f r a c t i o n  reach t h e  c o l l e c t o r .  
of t h e  end e f f e c t  under cons ide ra t ion ,  we do c o l l e c t  an  abnormal percent-  
This  problem has  been 
us ing  v a r i o u s  approximations.  
I n  t h e  case 
age  of  i o n s  i n c i d e n t  on t h e  end of t h e  shea th ,  bu t  t h e  bulk  of t h e s e  are 
c o l l e c t e d  a t  l a r g e  d i s t a n c e s  from the  probe t i p .  
t h e  t i p ,  is l a r g e l y  cons t ruc ted  of charges  i n c i d e n t  through i t s  s i d e s  s o  
The shea th ,  remote from 
16 
t h a t  aga in  t h e  charges c o l l e c t e d  a r e  numerical ly  much less than  t h e  
t o t a l  number which e n t e r s  t h e  e n t i r e  shea th .  I f  fo l lows ,  t h e r e f o r e ,  
t h a t  w e  can employ t h e  Walker technique t o  t h i s  problem wi th  some 
degree  of confidence.  
Unfor tuna te ly ,  Walker c a l c u l a t i o n s  employing c y l i n d r i c a l  geometry have 
no t  as y e t  been completed, bu t  i t  seems apparent  t h a t  t h e  shea th  about 
t h e  probe t i p  w i l l  no t  d i f f e r  s i g n i f i c a n t l y  from t h a t  of a small sphere  
of t h e  same rad ius .  
v e l o c i t y  wi th  r e spec t  t o  t h e  i o n  thermal v e l o c i t i e s  w i l l  no t  have a 
major e f f e c t  on t h e  shea th  s t r u c t u r e  over  t h e  forward t i p  of t h e  probe. 
W e  a l s o  expect  t h a t  t h e  r e l a t i v e l y  h igh  probe 
Fig.  6 i s  a r e s u l t  from Walker8, where t h e  d e n s i t y  d i s t r i b u t i o n  of i ons  
i s  p l o t t e d  f o r  a s m a l l  body moving a t  t y p i c a l  s a t e l l i t e  v e l o c i t i e s .  The 
corresponding p o t e n t i a l  f i e l d  is  shown i n  Fig.  7. 
The odd shape of t h e  body r e s u l t s  from t h e  c a l c u l a t i o n  technique 
employed by Walker. H e  assumes an  a r b i t r a r y ,  s m a l l  p o t e n t i a l  on a 
s u r f a c e  a t  a l a r g e  d i s t a n c e  from the  o r i g i n  and then  c a l c u l a t e s  inward. 
The body shape i s  then  any r e s u l t i n g  e q u i p o t e n t i a l  s u r f a c e  which can be  
a r b i t r a r i l y  s e l e c t e d .  F igure  8 compares t h e  p o t e n t i a l  d i s t r i b u t i o n s  
c a l c u l a t e d  f o r  a moving body and one a t  rest. 
a sphe re  wi th  a r a d i u s  of one Debye l e n g t h ,  i .e . ,  p = l  where t h e  Debye 
l e n g t h  (h) is  g iven  by 
The l a t t e r  case assumes 
kT % 
h = (-) 41~ne2 
While t h e  geometr ies  are only approximately equ iva len t ,  i t  is  apparent  
t h a t  t h e  r e s u l t s  do n o t  d i f f e r  g r e a t l y .  This  fol lows from t h e  f a c t  t h a t  
t h e  i o n  d e n s i t y  d i s t r i b u t i o n  over  t he  f r o n t  of t h e  body i s  no t  g r e a t l y  
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compared wi th  t h e  s a t e l l i t e  v e l o c i t y .  
t h e r e f o r e ,  i n  a f i e l d  of i o n  charges of roughly uniform d e n s i t y  
(wi th in  a f a c t o r  of 2)  by pushing out t h e  e l e c t r o n s  u n t i l  t h e  shea th  
con ta ins  a s u f f i c i e n t  excess of p o s i t i v e  ions  t o  ba lance  t h e  charge 
c a r r i e d  by t h e  body. 
p o s i t i v e  charges ,  i t  i s  modulated by r ea r r ang ing  t h e  e l e c t r o n s .  This 
i s  p a r t i c u l a r l y  t r u e  a t  s a t e l l i t e  v e l o c i t i e s  where t h e  i o n  e n e r g i e s  
are of t h e  o rde r  of t h e  probe p o t e n t i a l  (Vi t y p i c a l l y  5.5 Volts)  
making t h e  ions  " s t i f f " .  
however, i t  does apply t o  spheres  wi th  r a d i i  up t o  s e v e r a l  Debye l eng ths .  
The shea th  is  cons t ruc t ed ,  
Hence, although t h e  shea th  i s  made up of 
This i s  not t h e  case f o r  very l a r g e  bodies ,  
For i n s t a n c e ,  Fig.  9 (from Walker 8 ) p l o t s  normalized i o n  d e n s i t y  ve r sus  
p o  - p where p o  i s  the i n i t i a l  po in t  a t  some d i s t a n c e  from the body and 
i s  t h e  nondimensional r a d i u s  ( i n  Debye l e n g t h s ) .  It i s  ev iden t  t h a t  
t h e  d e n s i t y  remains r e l a t i v e l y  c l o s e  t o  u n i t y ,  even f o r  r e l a t i v e l y  l a r g e  
bod ies ,  u n t i l  t h e  convergence of space causes i t  t o  rise r a p i d l y .  
We conclude t h a t  w e  can, wi th  reasonable  accuracy, apply t h e  Walker 
c a l c u l a t i o n s  € o r  very  s m a l l  spheres  a t  rest. I f  w e  t ake  t h e  following 
parameters  as " typ ica l " ,  w e  can examine a s p e c i f i c  s i t u t a t i o n .  
Vp = 3.0 Volts 
ne = 1 0 5  eUcc 
mi = 16 m 
Te = 2500' K 
r = 0.026 cm 
( i . e . ,  O+) P 
P 
T h i s  l e a d s  t o  a Debye l eng th  of s l i g h t l y  more than 1 cm and a non- 
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(4,) is  approximately 10. 
wi th  r ad ius  based on Walker's work along wi th  a curve f o r  which 
Figure  10 d i s p l a y s  t h e  v a r i a t i o n  of p n t z n t i a l  
which r e p r e s e n t s  t h e  l i m i t i n g  case wi thout  s h i e l d i n g .  Any 
c a l c u l a t i o n ,  which t akes  i n t o  account t h e  e f f e c t s  of s h i e l d i n g  must 
f a l l  below t h i s  r e fe rence  curve.  A s  one might expec t ,  t h e  major d i f f e r -  
ence between t h e s e  curves occurs  a t  l a r g e  d i s t a n c e s .  We have ind ica t ed  
t h e  e f f e c t i v e  shea th  r a d i u s  based on t h e  equat ions  developed by 
Be t t inge r  and Walker" where, i n  the  case  of t h e  sphe re ,  t he  shea th  
r a d i u s  (pa) i n  Debye l eng ths  is given as 
I I  - + 0 . 8 3 ~  3 "'2 P a  - P P  
The important  po in t  w i t h  regard  t o  t h e  p re sen t  problem i s  t h e  f a c t  
t h a t  t h e  p o t e n t i a l  i s  l a r g e  only very near  t o  t h e  probe. P a r t i c l e s  
e n t e r i n g  t h e  shea th  through i ts  end undergo an a c c e l e r a t i o n  along the  
z axis ( see  Fig.  2 ) ,  s o  t h a t  depending upon t h e  r a d i u s  of i n i t i a l  
p e n e t r a t i o n  of shea th  boundary, a p a r t i c l e  w i l l  g a i n  an energy 4 '  i n  
t h e  r-< plane  where 
Thus Eq. (15) should be rep laced  by 
where 
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Given the p o t e n t i a l  f u n c t i o n  [ $  = f ( p ) ]  w e  may r e a d i l y  o b t a i n  t h e  
reduced p o t e n t i a l  i n  terms of t h e  impact r a d i u s  pi .  
estimate the importance of th i s  c o r r e c t i o n  w e  c a l c u l a t e  t h e  average 
v a l u e  of t h e  reduced p o t e n t i a l  (7). We can r ep resen t  p o t e n t i a l ,  as 
c a l c u l a t e d  by Walker, t o  good accuracy (See Fig.  10) w i t h  t h e  f u n c t i o n  
I n  o rde r  t o  
(35) 
0.0418 O b )  = -d 
The reduced p o t e n t i a l  i s  simply t h e  probe p o t e n t i a l  less t h e  i n i t i a l  
v a l u e  of the parameter i n  the r-< p lane .  I f  w e  i gnore  t h e  s m a l l  r a d i a l  
displacement of p a r t i c l e s  as they  p a s s  through t h e  shea th  end, w e  may 
w r i t e  
where A is  t h e  area of i n t e g r a t i o n  
A = r ( p a 2  - p p 2 )  r p a  2 9 (37) 
which i s  over a d i s c  i n  t h e  r-5 plane a t  z = o w i t h  the nondimensional 
impact parameter as t h e  i n t e g r a t i o n  v a r i a b l e .  This y i e l d s  t h e  r e s u l t  
Using t h e  " typ ica l "  va lues  prev ious ly  c a l c u l a t e d  (p p/p  a = 0.026) , t h e  
c o r r e c t i o n  term is less than  2%. S ince  t h e  shea th  r a d i u s  ( a )  proceeds 
approximately i n v e r s e l y  as t h e  root  of t h e  charge d e n s i t y  ( n e > ,  we would 
25 
except  t h a t  w e  can ignore  t h e  second and t h i r d  terms of (38)  f o r  
probes of t h i s  scale throughout t h e  ionosphere.  
It should be  noted t h a t  t h e  s i t u a t i o n  i s  n o t  q u i t e  as favorable  
as i s  ind ica t ed  above s i n c e  charges wi th  small impact parameters have 
a h ighe r  p r o b a b i l i t y  of c o l l e c t i o n .  
26 
WARM PLASMA 
We now turn our attention to the case of a warm plasma, that is, 
we assume that each plasma constituent possesses a Maxwellian 
distribution of velocities characterized by a temperature (T) and a 
distribution function 
3 
d3N = No (-) m 2  exp (E) E rtd;'dttdit 
2nkT 9 (39) 
where the dot refers to the time derivative and where the energy (E) 
is given by 
The coordinate system (r', c ' ,  2') is a fixed frame in which there is 
no net plasma motion. Let us consider a frame (r,<,z) (see figure 2) 
fixed with respect to the probe and moving with respect to our initial 
frame such that the velocity compoRents are related by 
i = i' + p sin o cos 5 
. 
z = 2' + 11 cos 0 
We define the characteristic thermal velocity vo as 
Substituting into (39), we obtain 
. . .  . . .  
d3N = Nof(r,<,z) rdr d<dz Y 
where 
+ (ri - p sin o sin < > 2  + (i - 1-1 cos 0 ) 2 1 1  . 
The differential of the current to probe is given by 
d5i = ke d3NdA 3 (44) 
where the differential of the area isin the r-r; plane. 
is obtained by integrating ( 4 4 )  over all of velocity space and the r-5 
plane for o 
the collection due.to their angular momenta. 
by appropriately adjusting the integration limits. 
The total current 
r L a except for those particles which are unable to reach 
These particles are excluded 
Since our assumptions have placed no limitation on i, the limits 
of its integration are fm. 
the variable with x where 
We perform this integration first by replacing 
= ( i  - p cos 0) 
V O  
( 4 5 )  
The integration over is then of the form 
I = K  1 xe d x + K  03 f e-x2dx ( 4 6 )  -X2 p cos O 
-00 v O  -m 
The first term is symmetric about the origin and vanishes while the 
second term yields 
1 
V O  
d4i = nie p cos 0 (T*v,)-‘  exp {-T [(; - p sin 0 cos + 
+ (;< - p sin 0 sin s ) ~ ]  1 r2d;dtdrd< ( 4 7 )  
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We invoke t h e  conserva t ion  of energy (Eq. 6 )  and angular  momentum 
(Eq. 5) t o  w r i t e  
where t h e  unindexed v a r i a b l e  r e f e r s  t o  a po in t  i n  t h e  p lane  z = 0. 
The i n i t i a l  r a d i a l  v e l o c i t y  ( c )  is made up of two terms (Eq. 40)  
i- = i-'+ p s i n  0 cos 5 
The f i r s t  (?'.) i s  thermal  wh i l e  t h e  second is  t h a t  f r a c t i o n  of t h e  
" d r i f t "  v e l o c i t y  i n  t h e  r a d i a l  d i r e c t i o n .  
and an  O,+ i o n  t h e  " d r i f t "  v e l o c i t y  corresponds t o  about 5 v o l t s .  
For a t y p i c a l  s a t e l l i t e  
S ince  ou r  i n t e r e s t  is r e s t r i c t e d  t o  s m a l l  va lues  of 0 ,  w e  may 
t h e r e f o r e  neg lec t  ?2 as s m a l l  compared t o  t h e  probe p o t e n t i a l  term. 
Th i s  assumption makes our  angular  momenta cr i ter ia  independent of ?, 
and w e  may i n t e g r a t e  equat ion  ( 4 7 )  from - t o  + m t o  o b t a i n  
Rewri t ing Eq. ( 4 8 )  us ing  Eq. (5) and s e t t i n g  ? = 0, w e  o b t a i n  
which p l aces  a n  upper l i m i t  on t h e  va lue  of 5 i n  terms of t h e  r a d i u s ,  
hence,  t h e  l i m i t s  of i n t e g r a t i o n  of 5 are * C/r . We s u b s t i t u t e  a new 
v a r i a b l e  of i n t e g r a t i o n  
r t  - s i n  o s i n  5 Y =  
vo  
which has l i m i t s  Y, and Y, where 
29 
Y2 = fb - c sin 5 
Y1 = fb + c sin 5 
and where 
U c = -  sin 0 
VO 
Substituting into Eq. ( 4 9 ) ,  we obtain 
(54) 
.. 
The terms within the bracket are "error integrals" whose value 11 as 
a function of the limit are shown in Fig. 11 along with several 
approximation functions. The fit for the sine function is relatively 
good, however, a simpler approximation is the function 
Y 
2 
e'y dy = Y Y <  1 - 
0 
= 1  Y > 1  
The error integral is the fraction of particles with velocity less 
than Y (where Y is the velocity in units of vo). Equation (56) is 
equivalent to terminating the velocity distribution in the rt 
direction at vo while maintaining the proper normalization. 
approximations are perhaps more graphically displayed if we examine the 
original distribution functions rather than their integral. The 









e-' dy dN 1 - = -  
N J ; ;  
(57) 
This is plotted in Fig. 12 along with the generating functions of 
our other approximations. 
We will approach this problem by utilizing the lowest order 
approximation (equation 56). We make the following substitutions: 
x = r/rp (58) 
i I =  
2 nieucos 0 rp 2 
(59) 
Equation (58) normalizes the radial coordinate in terms of the 
probe radius while equation (59) defines a "normalized" current. We 
may now integrate both sides of equation ( 5 5 )  to obtain: 






xa + (1 - Y2 ) xdxdc - 
x1 
,-5o Xa I 
5 3  
(1 - Y2-) xdxdc 
+ - Y, ) xdxdc 














Visua l i za t ion  of t h e s e  i n t e g r a t i o n  l i m i t s  is  aided by f i g u r e  13 
which r ep resen t s  t h e  r - 5 plane .  The s o l i d  curve,  bounded by the  
l i m i t s  xa and R corresponds t o  the  e f f e c t i v e  c o l l e c t i o n  area f o r  
zero v e l o c i t y  i n  t h e  r 5  d i r e c t i o n  ( i . e .  no thermal angular  momentum). 
This  is  t h e  same r e s u l t  w e  obtained f o r  t h e  cold plasma. The do t t ed  
curve corresponds t o  a p a r t i c u l a r  value of ri. I n  t h e  r i g h t  ha l f  
p lane  t h e  angular  momenta a s soc ia t ed  wi th  t h e  d r i f t  v e l o c i t y  and 
t h e  thermal v e l o c i t y  are oppos i te ly  d i r ec t ed  hence c o l l e c t i o n  i s  
achieved over a l a r g e r  area. This  area is reduced i n  t h e  l e f t  h a l f  
p lane  due t o  t h e  a d d i t i o n  of t h e s e  two terms. Reversing t h e  d i r e c t i o n  
of r 5  w i l l  simply r e f l e c t  t h i s  p a t t e r n  about t h e  5 = o a x i s .  The a rea  
common t o  both curves r ep resen t s  t h a t  p o r t i o n  of t h e  p lane  f o r  which 
a l l  p a r t i c l e s ,  r e g a r d l e s s  of t h e i r  r5 v e l o c i t y ,  are co l l ec t ed .  Col lec t ion  
i n  t h e  remaining area depends upon t h i s  v e l o c i t y .  Note t h a t  i f  t h e  
"thermal" angular  momentum is  g rea t e r  than  t h a t  which would allow 
c o l l e c t i o n  from a r ad ius  xa then  the  l i m i t i n g  angle  5, becomes negat ive .  
From synmetry i t  i s  clear w e  only need t o  i n t e g r a t e  over t h e  
angu la r  l i m i t s  from - ~ r / 2  t o   IT/^ and f o r  one d i r e c t i o n  of x i  ( p o s i t i v e )  
and then  i n c r e a s e  our  r e s u l t  by a f a c t o r  of four .  The l i m i t  R i s  given 








The r e l e v a n t  va lues  of 11 are those  less than  X a  hence w e  d e f i n e  t h e  
t r a n s i s t i o n  ang le  5, by equat ing  R t o  xa and ob ta in :  
ba  s i n  5, = - 
C 
where ba  i s  t h e  func t ion  b evaluated a t  x = xa. 
curve i s  bounded, i n s i d e  of X a  by the  curve x ,  f o r  which Y, = 1 ,  
t h a t  i s  : 
The dashed 
@ 
x ' = l +  ( 6 4 )  
( 1  + c s i n  512 1 
The i n t e r c e p t  of t h e s e  curves wi th  t h e  x = xa c i rc le  de f ines  two 
o t h e r  t r a n s i s t i o n a l  angles  which are given by: 
1 1 - b, s i n  5 = -( 2 C 
1 1 + b, s i n  5 ,  = -( C 
The o r i g i n  of t h e  terms i n  equat ion  ( 6 0 )  are now apparent .  We w i l l  
l a b e l  t h e  areas of f i g u r e  13 as 1, 2 and 3 .  I n  area one c o l l e c t i o n  
depends upon t h e  thermal  v e l o c i t y  i n  t h e  r; d i r e c t i o n ,  hence,  c o l l e c t i o n  
is  p r o p o r t i o n a l  t o  Y2+. I n  r eg ion  two a l l  p a r t i c l e s  are c o l l e c t e d  whi le  
i n  r eg ion  t h r e e  c o l l e c t i o n  i s  ggain a func t ion  of v e l o c i t y .  
case our  c o e f f i c i e n t  i s  (1 - Yi) , corresponding t o  t h e  decrease  i n  
p a r t i c l e s  c o l l e c t e d  wi th  inc reas ing  thermal  v e l o c i t y .  
I n  t h i s  las t  
The f i r s t  term of equat ion  (60) r e p r e s e n t s  c o l l e c t i o n  over t h e  
p h y s i c a l  t i p  of t h e  probe; t h e  next t h r e e  terms are t h e  c o l l e c t i o n  f o r  
a CQid 
t h r e e ;  wh i l e  t h e  f i n a l  p a i r  of tenus c o r r e c t s  f o r  t h e  e f f e c t  of v e l o c i t y  
i n  area one. 
plasma; t h e  fo l lowing  two terms add i n  t h e  c o l l e c t i o n  i n  area 
Integration of equation (60) yields the result: 
where : 
The form of the “F” function depends upon the absolute value of c: 
B 
= -c tan (z - c :] 1 I C [ =  1 (69b) 
?I 
The angle 53 is limited to the value 7 for c < 1 hence the last 
term of equation (67) only involves the general form (69c) except 
as a limiting case. Note that for c < 1: 
The F function is sometimes troublesome to evaluate for values of 
c very close to unity. This point is treated in Appendix I. 
Our expression (equation 67) must properly reduce under various 
limiting conditions. One of the more important of the limiting conditions 
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i s  t h a t  of a cold plasma, i .e.  vo + 0. 
diverge ,  however, t h e i r  r a t i o  does n o t :  
I n  t h i s  l i m i t  both b and c 
As vo -+ 0, c -+ m, -53 -+ c0, and c 2  -+ 5,. 
bracketed  term of equat ion  (67).  
L e t  u s  cons ider  t h e  
I n  t h i s  l i m i t :  
As vo becomes s m a l l ,  w e  may w r i t e :  
where a may be obta ined  by expanding t h e  angles  as arc s i n e s  and 
then  making a binomial  expansion of  t h e  i n d i v i d u a l  t e r m s :  
5 
= [?] + p i3  + ‘[”) 40 c + ... 
3 
+ &[+I + &(%) + ... (73) 
The re fo re ,  as c becomes l a r g e  and w e  neg lec t  terms of t h e  o rde r  of 
1 - and h ighe r ,  w e  ob ta in :  
C 2  n 
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Equation (72b) may be v e r i f i e d  by a similar expansion f o r  -c3. 
We now n o t e  
The cos ine  term may be expanded using equat ion  72 t o  o b t a i n  
T g  = -c(cos c2 - cos 5,) +- - 2c a s i n  5, 
W e  no te ,  however, t h a t  T2 f -T3 as w e  would expect.  
t h e r e f o r e ,  l e f t  w i th  a r e s idue  a t  t h e  l i m i t  s i n c e :  
We are, 
This  r e s u l t  is ,  of course ,  i n v a l i d  and r e s u l t s  from t ak ing  t h e  
l i m i t  of c -f which v i o l a t e s  an  e a r l i e r  assumption. I n  order  t o  
c l a r i f y  t h i s  p o i n t  cons ider  t h e  form of Y2+: 
b 
Y2+ = b - c s in  5 = c ( ~  s i n  5, - s i n  5 )  0 5 Y*+ 5 1 
s i n c e  t h e  terms i n s i d e  t h e  pa ren thes i s  are f i n i t e ,  Y2+ w i l l  d iverge  
as c does,  hence, t h e  above residue.  C lea r ly ,  however, both T2 and 
T 3  van i sh  as t h e  thermal v e l o c i t y  vanishes .  
The remaining terms mzy be most  e a s i l y  t r e a t e d  i f  we n o t e  t h a t  
w e  may rewrite t h e  F func t ion  i n  the form: 
I f  we mul t ip ly  t h e  numerator and denominator of F(a,B,c) and 
F(a,B,-c,)  by (1 + c s i n  5) and (1 - c s i n  a) i n s i d e  t h e  i n t e g r a l  
and then  sum t h e  r e s u l t i n g  terms, w e  o b t a i n :  
As c becomes large this approaches the limit: 
We may, therfore, write: 
39 
(75) 
We, therefore, obtain for our limiting form: 
71 I = - + +  (Xa2 - 1) (25, + sin 25 ) 
2 0 
i = nieucoso{nr P 2 + (a2 - rp2) (25, + sin 25, j f  (78) 
This result is essentially the same as equation (18), but the 
differences in assumptions are clearly evident. In order to make 
the expressions identical we must employ the following approximations: 
Another limiting case of interest is that of the high 
temperature plasma. In this case: 
40 
! 
t hus ,  t h e  only c u r r e n t  c o l l e c t e d  i s  t h a t  i n c i d e n t  on t h e  t i p  of t h e  
probe,  a r e s u l t  which w e  might a n t i c i p a t e .  
v e l o c i t y  tends  t o  "smear" t h e  response and a very  h igh  i o n  temp- 
e r a t u r e  completely sup res ses  the  e f f e c t .  
I n  gene ra l  t h e  thermal  
The behavior  of t h i s  func t ion  f o r  small va lues  of 0 is of some 
(When t h i s  i n t e r e s t .  
occurs ,  terms such as c s i n  5, should be  rep laced  by t h e i r  a l t e r n a t i v e  
form i .e .  ba i n  o r d e r  t o  avoid t h e  i n t r o d u c t i o n  of e r r o r s  wi th  t h i s  
f i x e d  l i m i t  f o r  q 0 . )  
reaches  t h e  l i m i t  - .rr /p  and t h e  right-hand curve f o r  Y2 i n  f i g u r e  13 
co l l apses .  
of * IT/*. 
t h e  t r a n s i s t i o n  va lue  p a r t i c l e s  loca ted  a t  t h e  shea th  edge and wi th  
t h e  m a x i m u m  thermal  "angular  momentum" are a t  t h e  l i m i t  f o r  c o l l e c t i o n  
s o  t h a t  a l l  p a r t i c l e s ,  over t h e  e n t i r e  area are c o l l e c t e d .  I f  t h e  
thermal  energy i s  g r e a t e r  than  t h i s  l i m i t  ( i . e .  b, < 1) then some of 
the  p a r t i c l e s  nea r  t h e  edge of t h e  shea th  are l o s t .  For most p rac t -  
i c a l  a p p l i c a t i o n s ,  b, << 1 and t h e  f i r s t  case i s  normally r e l e v a n t  
on ly  f o r  very  low i o n  temperatures  o r  very l a r g e  probes.  
When ba 2 1, the geometric f a c t o r  (T = bracketed  t e r m  of equat ion)  
A s  0 becomes s m a l l  c0 reaches t h e  l i m i t  a/2. 
Before c0 reaches t h i s  l i m i t  t h e  angle  5 3  
Fur the r ,  decreases  i n  c w i l l  cause 5, t o  reach a l i m i t  
The s i g n  depends upon the  r e a l t i v e  va lue  of ba and 1. A t  
reduces  t o  'TI f o r  s m a l l  c; however, i f  b, < 1 then  w e  ob ta in :  
For 
independent  of c f o r  t h e  range where 5 ,  = - - 
s m a l l  va lues  of ba, t h e  cur ren t  is  p ropor t iona l  t o  ba and 
The e f f e c t  of c 7T 2 '  
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f o r  l a r g e r  va lues  of ba is  t o  reduce T f o r  i n c r e a s i n g  va lues  of c ,  
aga in ,  w i t h i n  t h e  same l i m i t s .  
is  simply r e l a t e d  t o  t h e  ion  thermal energy [ba2 a 
Thus t h e  c u r r e n t  a t  s m a l l  angles  
The assumption of ba << 1 impl ies  t h a t  equat ion  (79) w i l l  hold 
f o r  a l l  va lues  of c up t o  of t h e  order  of un i ty .  
t h e  ang le  52 becomes less than  m/z and a t  c = 1 + ba 
from i t s  l i m i t i n g  va lue .  
of ba s o  t h a t  t h e  behavior  of T i s  dominated by t h e  term: 
When c = 1 - b a ,  
5 3  a l s o  d e p a r t s  
It i s  clear t h e  5, 5 3  f o r  s m a l l  va lues  
over  t h e  entire range of c. F igure  14  compares the r e s u l t  using 
only  t h i s  express ion  f o r  T and t h e  complete form of equat ion  (67 ) .  
The d i f f e r e n c e  is  less than 5% f o r  ba = 0.1 except  f o r  c 3 1 - ba. 
The d i f f e r e n c e  f o r  ba  = 0.05 i s  only a few pe rcen t .  This  r e s u l t  is 
somewhat b e t t e r  t han  one would expect simply on the b a s i s  of t h e  
above arguments. The q u a l i t y  of t h i s  approximation is aided by t h e  
f a c t  t h a t  the terms: 
are of t h e  same orde r  of magnitude and of oppos i t e  s i g n  over a wide 
range  of va lues  of t h e  argument c, hence cance l  each o t h e r  t o  f i r s t  
o r d e r .  
t o  i t s  c o e f f i c i e n t  i n  ba2. 
The l a s t  term involv ing  t h e  F func t ions  i s  very  s m a l l  due 
We no te  t h a t  t h e  shape of t h e  curve of equa t ion  (80) depends 
only  on c,  t h a t  i s ,  f o r  ba << 1 and c 2 1, we may w r i t e :  
5 , " B - a  
where: B = sin- '  
/ /  I 




Equation (80) then reduces to: 
-l [$ ]  T f 4ba sin 
Thus the curve falls to one-half of its maximum value at c = fi, 
thus we may relate the ion temperature to the angular half width 
of ( C & )  this peak. 
= fi [3 
Thus the curve shape represents a convenient means of determining 
the ion temperature. 
.thermal velocity of the ions their mass also enters with temperature. 
Since the width actually depends upon the 
Another parameter of interest is the probe potential (Q = eV4.  
This is contained within ba however, since the sheath radius also 
depends upon the potential, we must take this into account. 
equation (80), we may write the anomolous current to the probe in 
the form: 
Using 
1 1  
i = nieu cos o 2 + 4rp(a2 - rp2)5 a 3  sin 
4 4nieu cos 0 i r a% sin-’( P 






If we ignore the In term in a, then we find that the current is 
proportional to the power 1.25 of the probe voltage, (Q = ge ) ,  
and inversely to the three-quarter power of ion temperature. Thus 
the amplitude is independent of the ion mass and dependent on its 
temperature. Combining equations (83) and (84), we obtain: 
1.82 n> cos 0 rp u(eVp) "4 
ln(a/rp) (kT) 3'4 
i =  sin-' [ t ]  
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Ap p li cat i ons 
This study grew out of some observations by the electrostatic 
probe on Explorer XVII. 
apply this effect to obtain additional information concerning the 
ionospheric plasma. 
probe provides data on the electron temperature and charge concen- 
tration. 
di~tributionl~. One important parameter which has been heretofore 
unavailable is the ion temperature. This end effect shows promise 
of providing such information. 
Our immediate reaction is to attempt to 
The "normal" operation of the electrostatic 
It may also be used to supply information on the ion mass 
One of thecomplications faced in the case of the ionosphere is 
the mixture of ion masses which often exists. Each constituent will 
have its own half-width (0%) as given by equation(82b) but fortunately 
the peak current contribution of each constituent is independent of 
its mass. 
(assumed to be the same for all ion masses) and the sheath radius. 
Since we can usually specify the dominate ion mass, we can then obtain 
the ion temperature and the sheath radius. 
Thus the central peak depends only on the ion temperature 
This analysis depends upon knowing the current through the end 
of the probe. Experimentally one obtains the sum of this end current 
and the more conventional current through the sides of the sheath. 
the probe is small (rp << a) and the probe potential large (eVp >> kTi) 
then this "normal" current is independent of both sheath radius and 
ion temperature. 
If 
It takes the form13: 
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where lpis t h e  probe l eng th .  
been dropped as s m a l l  compared wi th  eVp .  
th is  c u r r e n t  becomes independent of the " d r i f t "  v e l o c i t y  u. 
Even a t  0 = 0,  w e  need t o  know the d i s t r i b u t i o n  of masses i n  
o rde r  t o  proper ly  e v a l u a t e  t h i s  term. 
our  primary exper imenta l ly-cont ro l lab le  parameter which may be  
used t o  d i f f e r e n c i a t e  between these  c u r r e n t s  is  the probe. 
r a t i o  (R) of equat ions  85 and 86 with 0 = 0 is: 
A t h i r d  energy term i n  kTi  has  
As 0 approaches zero ,  
According t o  equat ion  (85) 
The 
2 where : mu 
y = Z e V p  
The two exper imenta l ly  c o n t r o l l a b l e  parameters  which may be used 
t o  emphasize t h e  end e f f e c t  are the  probe p o t e n t i a l  and i t s  length .  
Both have p r a c t i c a l  l i m i t a t i o n s  r e l a t e d  t o  t h e  f i n i t e  l eng th  of 
t h e  probe. You w i l l  no t e  t h a t  w e  can d e f i n e  a l eng th  D ,  i n  analogy 
w i t h  t h e  Debye l e n g t h ,  u t i l i z i n g  the i o n  d r i f t  energy r a t h e r  than  
i t s  thermal  energy. 
For an 0 t ion ,  a t y p i c a l  s a t e l l i t e  v e l o c i t y  of 8 km/sec and a 
d e n s i t y  of l o 4  e l /cc  D has  t h e  value 17.2 cm which is of t h e  
same o r d e r  as a t y p i c a l  probe length  L. 
rewrite eq. (87) i n  t h e  form: 
Using eq. (881, w e  can 
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1 - s in2  0 +i 
1 + y s i n %  
R = 2.27 [;I @3'4 ( J s i n  -1 I--] 1 
There exists a va lue  of 0 f o r  which R (1. I f  t h i s  angle  i s  
g r e a t e r  than  t h e  one f o r  which c = 1 ,  w e  may reasonably expect  
t o  d i s t i n g q u i s h  t h e  end cu r ren t .  These cri teria e s t a b l i s h  a 
maximum charge concen t r a t ion  (Nim) i n  terms of t h e  v a r i a b l e s  
u ,  Vp, L and T i .  
F igure  15 i s  a p l o t  of N k  ver sus  @ f o r  va r ious  i o n s ,  C lea r ly  
t h e r e  exists a m a x i m u m  d e n s i t y  above which t h i s  technique can n o t  
be  used,  however, i f  t h e  probe p o t e n t i a l  is  maintained above 5 o r  
10 v o l t s  t h i s  l i m i t  is n o t  reached i n  t h e  terrestrial  ionosphere.  
W e  conclude t h a t  in format ion  on i o n  temperature ,  shea th  
dimension and i o n  m a s s  d i s t r i b u t i o n  may be  obtained from t h i s  
technique  i f  t h e  probe is  opera ted  a t  a f i x e d ,  l a r g e  nega t ive  
p o t e n t i a l  whi le  being swept through t h e  v e l o c i t y  v e c t o r  a t  a rate 
which i s  slow r e l a t i v e  t o  the d a t a  reading  c a p a b i l i t y .  
Chen14 has  examined some of the  Explorer  X V I I  d a t a  and f i n d s  
t h a t ,  w i t h i n  t h e  l i m i t s  of accuracy of h i s  d a t a  which i s  only 
f a i r ,  t h e  r e s u l t s  agree  wi th  t h e  above a n a l y s i s .  The peak h a l f -  
wid ths  f o r  O+ are of t h e  o rde r  of 10'. A t  h igher  a l t i t u d e s  where 
H+ dominates, t h e  main peak w i l l  have a h a l f  width of 30° and, i n  
some cases, wash-out t h e  "normal" peak s t r u c t u r e  a t  90'. 
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I 
b u t  perhaps one of t h e  more i n t r i g u i n g  i s  i t s  p o s s i b l e  use  as a 
means of d e t e c t i n g  t h e  v e l o c i t y  vec tor  i n  a sa te l l i t e  o r  o t h e r  
h igh  speed v e h i c l e  moving w i t h i n  the  terrestrial  magnetosphere. 
Seve ra l  approaches t o  th i s  problemwould seem poss ib l e .  
would u t i l i z e  t h e  major peak s t r u c t u r e  (i.e. observe 0% f o r  t h e  
h e a v i e s t  s i g n i f i c a n t  i o n  c o n s t i t u e n t ) .  
wid ths  are determined by f a c t o r s  not r e a d i l y  c o n t r o l l e d  by t h e  
experimenter .  The e f f e c t s  of varying i o n  temperature  and mass 
d i s t r i b u t i o n  would cause t h i s  peak width t o  vary  markedly and i n  
some cases t o  become very  wide. The a l t e r n a t i v e  approach would 
s e e m  t o  have more promise. This involves  observing t h e  change i n  
' cur ren t  while vary ing  the angle  0 over only a few degrees .  For 
th i s  purpose w e  want t h e  g r e a t e s t  s lope  i n  t h e  5-V c h a r a c t e r i s t i c s  
a t  s m a l l  angles .  The f r a c t i o n a l  change i n  t h e  cu r ren t  f o r  small 
va lues  of c may be  obta ined  by d i f f e r e n c i a t i n g  equat ion  (79):  
The f i r s t  
Unfortunately these  h a l f  
c << 1 
Thi s  would i n d i c a t e  a maximum s lope  a t  ba = 2 ,  b u t  t h e  equat ions  
w e  have employed l o s e  t h e i r  v a l i d i t y  f o r  t h i s  va lue  of t he  cons tan t .  
The above a n a l y s i s  a p p l i e s  f o r  b a  i n  t h e  range: 
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When ba is  l a r g w t h a n  t h i s  t h e  form of T becomes: 
I 
I 
T = ITba ba = 1 
" = I T  ba > 1 + ( c I  
Thus t h e  s l o p e  vanishes  f o r  ba ou t s ide  t h e  range of ( 9 2 ) .  Thus 
we conclude t h a t  t h e  b e s t  r e s o l u t i o n  is  obta ined  with va lues  of 
ba  > %. 
t h e  c u r r e n t  of a few percent  which should be q u i t e  adequate  f o r  
t h e s e  purposes. This  amounts t o  a few degrees  i n  O,hence, our 
angu la r  r e s o l u t i o n  is p o t e n t i a l l y  a small f r a c t i o n  of one degree.  
I f  we vary  c up t o  0.1,  we w i l l  g i v e  rise t o  a change i n  
There would appear t o  be a number of promising approaches 
t o  d e t e c t i o n .  The most obvious perhaps involves  a con ica l  scan  
accomplished by mechanical ly  r o t a t i n g  t h e  probe i n  a c o n i c a l  
motion wi th  a h a l f  ang le  of a few degrees.  
u l a t i o n  of t h e  probe c u r r e n t  i s  phase compared wi th  t h e  mechanical 
s can  from which p i t c h  and yaw error s i g n s  are developed. 
dev ice  is  used simply as a de tec to r  r a t h e r  than  a c o n t r o l  element, 
t hen  t h e  output  must be normalized w i t h  t h e  DC c u r r e n t  l e v e l .  
The de tec t ed  AC mod- 
I f  t h e  
There are two important  ob jec t ions  t o  t h i s  system. Perhaps 
t h e  most important  of the two is  the use  of a mechanical scan  system 
which p r e s e n t s  many problems i n  a satel l i te  environment, 
t h e r e  appears  t o  be s e v e r a l  a l t e r n a t i v e s  t o  t h i s  arrangement. For 
i n s t a n c e ,  we could use  t h r e e  o r  four probes evenly spaced on t h e  
s u r f a c e  of a s m a l l  cone. Thei r  mutual i n t e r a c t i o n  would 
be  ve ry  s m a l l  s o  long as t h e i r  spacing a t  t h e  roo t  were l a r g e  
For tuna te ly  
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compared with their radii. 
If ba were small, the current drawn by each probe would be a 
small fraction of the total and their interaction would clearly 
be minimal. 
and the point requires further investigation. Another possible 
approach involves the use of a segmented conical probe. 
They would share a "common sheath". 
With ba large, this conclusion is no longer valid 
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Limitations 
The foregoing analysis suffers from a number of limitations 
imposed by the assumptions and approximations utilized in its 
development. 
distribution employed to represent the thermal motions of the 
particles (equation 56). We have, in effect, eliminated all the 
high velocity particles and have, thereby, introduced an artificial 
limit (i.e. ba > 1 and c2 
collected). 
current-angle reponse curve somewhat, that is, reduce the central 
portion of the curve while increasing the wings. 
be rather small, but it remains for a more accurate analysis to 
quantitatively determine its importance. 
Perhaps the most severe of these is the velocity 
n / 2  for which all particles are 
We expect that a more exact analysis might soften the 
The effect should 
Several other points not specifically considered in the 
analysis deserve attention. 
utilized limits of * infinity. This is not valid when we consider 
a practical situation, i.e. a small diameter probe attached to 
a much larger body. The probe is shielded from particles with 
velocities in excess of the satellite velocity and similarly directed. 
Since the mean ion thermal velocity is, throughout most of the 
ionosphere, small compared to the vehicle velocity this presents no 
difficulty. In certain regions, generally a high altitude where the 
ion temperatures are high and the ion masses low, this approximation 
introduces a significant error. In this case, the limits of integration 
in one direction should be replaced by u. 
The integration over the k velocity 
This leads to an additional 
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c o e f f i c i e n t  (K) involv ing  t h e  e r r o r  func t ion :  
U where x = - . 
i s  t r u e  and u << vo then  K = %. 
7 t h a t  i f  x > 1 .4  then  t h e  e r r o r  introduced by r ep lac ing  K wi th  
u n i t y  i s  only a few percent .  
When u >> vo then  K = 1, but  i f i  t h e  r e v e r s e  
VO 
You w i l l  recall from f i g u r e  
Another important  f a c t o r  which w e  have so  f a r  neglec ted  i s  
t h e  e f f e c t  of t h e  f i n i t e  l eng th  of t h e  probe. 
assumed t h a t  a l l  p a r t i c l e s  en te r ing  t h e  shea th  w i l l  be c o l l e c t e d .  
A f i n i t e  t i m e  is  requi red  f o r  t h e  ions t o  move from t h e i r  i n i t i a l  
r a d i i  t o  t h e  s u r f a c e  of the c o l l e c t o r .  I n  gene ra l ,  they  have a 
l a r g e  v e l o c i t y  para l le l  t o  t h e  axis of t h e  probe and might conceivably 
run out  of probe be fo re  being c o l l e c t e d .  
r e l a t e d  problem re l evan t  t o  t h e  i o n s  i n c i d e n t  through t h e  s i d e s  of 
t h e  shea th .  H e  concludes t h a t ,  at least  f o r  t h e  condi t ions  a t t e n d a n t  
t o  Explorer  X V I I ,  t h i s  e f f e c t  w i l l  be  n e g l i g i b l e  f o r  t h e  p a r t c l e s  
through t h e  end of t h e  probe. 
W e  have t a c i t l y  
Chen14 has  considered t h e  
The q u e s t i o n  depends c r i t i c a l l y  on t h e  
p o t e n t i a l  d i s t r i b u t i o n  w i t h i n  t h e  shea th  and deserves  more a t t e n t i o n .  
The probiem may be avoided of course,  by making t h e  probe s u f f i c i e n t l y  
long .  
t h e  s i d e s  of t h e  shea th  and inc reas ing  t h e  e r r o r  r e s u l t i n g  from 
e s t i m a t i n g  t h i s  term. 
This  has  t h e  disadvantage of i n c r e a s i n g  t h e  c u r r e n t  through 
c 
5 4  
Appendix I 
The evaluation of the function F(a,b,c) where c = 1.0 becomes 
troublesome because of the coefficient ( I c-l)-'. 
is particularly serious when ba << 1. 
expression for the function in the following manner: 
This situation 
We may obtain an alternative 
A - 1 - c  ¶ ( 9 3 )  
where : 
[ A I  1 
-1 
sin< d Ib = r ( l - A  a 1 + sin< 1 + :in< 9 1 + c sin< d< F(a,b,c) = a 
This expression may be approximated by: 
a a 
The first integral has the standard solution: 
We approach the second term by multiplying numerator and demoninator 




= 1 sec25 tan< 
a 
b r 
Ib b sec<d< - 2 tan2< sec2<d + tan2<tan<d<d< 
a a 
r 
b b b 
= sec2< d(sec5) - 2 1 tan2<d(tan<) + sec2<d(sec<) - d(sec<) 
a 
I 
a a a 
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Appendix I continued 
I b  1 3 = - {sec3< - 2tan35 - 3secg) a 
This may be rewritten in the form: 
= -2sinc sec3<(sin2c - 2sine + 1 - 1 + %sin< + 
e cos< ( 1  + 2 sin<) 
( 1  + sin<l2 
= -  JCOSC (1 + 2 sin<) 
(sect + tan<l2 
Combining terms we obtain: 
F(a,b,c) = -tan ( z  - 5) - (1 - c) (1 + 2 sin<) tan2($ - 5) 
c = l  
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